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Abstract. We describe the homotopy type of the analytic Milnor fiber in 
terms of a strictly semi-stable model, and we show that its singular cohomology 
coincides with the weight zero part of the mixed Hodge structure on the nearby 
cohomology. We give a similar expression for Denef and Loeser's motivic 
Milnor fiber in terms of a strictly semi-stable model. 
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1. Introduction 

Let k be any field, and let X be a fc-variety, endowed with a morphism / : X — > 
Specfeft]. Let a; be a closed point on the special fiber X s — / _1 (0). The analytic 
Milnor fiber & x of / at x was introduced and studied by Julien Sebag and the 
author in [20l [2TJ [22] . The object & x is defined as the generic fiber of the special 
formal scheme 

/:Spfa^-SpfA[[t]] 

It is an analytic space over the field of Laurent series k((t)), and serves as a non- 
archimedean model of the classical topological Milnor fibration (for k — C and X 
smooth). The arithmetic and geometric properties of & x reflect the nature of the 
singularity of / at x. For instance, the £-adic cohomology of cf x is canonically 
isomorphic to the ^-adic nearby cohomology of / at x [BJ 3.5], and the local motivic 
zeta function of / at x can be realized as a "Weil generating series" of J? x [TH1 9.7]. 
If X is normal at x, then & x is a complete invariant of the formal germ (/, x) [191 
8.8]. 

In the present article, we study the topology of considered as a k((t))- 
analytic space in the sense of Berkovich [3]. We denote by k((t)) a the completion 
of an algebraic closure of k((t)). Our first main result (Theorem I4.10p describes the 
homotopy type of 

~?x :=^x k((i)) A((tjj« 

in terms of a so-called strictly semi-stable reduction of the germ (/, x). The second 
main result (Theorem I5.7[) states that, if k = C, the singular cohomology of & ' x 
coincides with the weight zero part of the mixed Hodge structure on the nearby 
cohomology of / at x [25] [17] . 

These are local analogs of results by Berkovich [3]. He showed that the weight 
zero part of the limit mixed Hodge structure of a proper family Y — > SpecC[t] 

coincides with the singular cohomology of the nearby fiber Y v ><c((t)) C((i)) a , where 
Y denotes the t-adic completion of Y and Y v its generic fiber. Our proofs closely 
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follow the ideas in [3] , but we need additional work to pass from the global situation 
to our local one. The most important tool in our arguments is Berkovich' description 
of the homotopy type of the generic fiber of a poly-stable formal scheme [7]. 

The above theorems have natural motivic counterparts. We give an expression 
for Denef and Loeser's motivic Milnor fiber of / at x in terms of a strictly semi- 
stable model fTheorem l6.11j) . As we showed in |19) . this motivic Milnor fiber can 
be realized as a "motivic volume" of the analytic Milnor fiber J^ x . The expression 
in Theorem 16.111 is similar in spirit to our description of the homotopy type of 
J^ x but uses different techniques (motivic integration) and yields another type of 
information (class in the Grothcndicck ring). 

Let us give a survey of the structure of the paper. In Section [21 we recall some 
basic notions about special formal schemes and their generic fibers, and about the 
analytic Milnor fiber. Section [3] contains the main technical tools of the paper: we 
define the simplicial set associated to a strictly semi-stable A-variety X, and we 
explain how it can be used to describe the homotopy type of the generic fiber of a 
strictly semi-stable formal scheme X , following results by Berkovich. Moreover, we 
prove a crucial result about the homotopy type of the generic fiber of the completion 
of X along a union of irreducible components (Proposition 13.71 and its Corollary 
13. 8ft . It is this property that allows to pass from Berkovich' global situation to our 
local one. 

In Section |H these tools are applied to establish homotopy-equivalences between 
certain analytic spaces, and to study the homotopy type of the analytic Milnor fiber 
( Theorem 14. 10[) . The key result is Proposition 14.41 which we now briefly explain. 
Any special formal k [[t]] -scheme 3C can be considered as a special formal fc-scheme 
by forgetting the fc[[t]]-structure. The generic fiber of 3£ k (where k carries 
the trivial absolute value) is naturally fibered over [0, 1[ by evaluating the points of 
the generic fiber (which are multiplicative semi-norms) in t. Proposition ^. 4l studies 
the homotopy type of the fibers of this family. 

Section [5] contains the results concerning the mixed Hodge structure on the 
nearby cohomology of / at x (where k = C). We recall Peters and Steenbrink's 
construction of this mixed Hodge structure, and we show how the weight zero part 
can be computed on a strictly semi-stable reduction (Proposition 1 5 . 6| ) . Combining 
this result with the ones in Section 2J we see that the singular cohomology of 
the analytic Milnor fiber coincides with the weight zero part of the mixed Hodge 
structure on the nearby cohomology of / at x (Theorem 15 .7|) . 

In the final Section [6l we compare the preceding results with the motivic setting, 
and give an expression for Denef and Loeser's motivic nearby cycles and motivic 
Milnor fiber in terms of a strictly semi-stable model (Theorem 16.111 and Corollary 

MM- 

2. Preliminaries 

2.1. Some notation. If S is any scheme, a S- variety is a separated reduced scheme 
of finite type over S. 

For any locally ringed space Y, we denote by \Y\ its underlying topological 
space; if no risk of confusion arises, we'll omit the vertical bars and we'll denote 
the underlying topological space by Y, to simplify notation. 
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For any field F, we denote by F a an algebraic closure, and by F s the separable 
closure of F in F a . If L is a non-archimedean field (we do not exclude the trivial 
valuation), then the absolute value on L extends uniquely to an absolute value on 
L a , and we denote by L s and L a the completions of L s , resp. L a (these completions 
coincide if the valuation is non-trivial). We will work in the category of L-analytic 
spaces as introduced by Berkovich [5]. For any L-analytic space A, we put X — 
XxJ?. 

If R is a discrete valuation ring, with residue field k, and Y is a scheme over R, 
then we denote its special fiber Y Xr k by Y s . 

If T is any topological space and S is a subspace of T, then a strong deformation 
retract of T onto S is a continuous map <fi : T x [0, 1] — * T such that cf>(-, 0) is the 
identity, </>(s, r) = s for any point s of S and any r S [0, 1], and </>(•, I) is a surjection 
onto S. 

2.2. Strictly semi-stable (formal) schemes. Let if be a complete discretely 
valued field, with valuation vk '■ K* — -> Z. We do not assume that the valuation is 
non-trivial, but we will assume that it is normalized (i.e. vk(K*) = 1 or vk(K *) = 
{0}). We denote by K° the ring of integers in K, and by K the residue field. If 
vk is trivial, then K = K° = K. For each r e]0, 1[, we define an absolute value 
| ■ | r on K by \x\ r = r VK ^ and we denote by K r = (LT, \ ■ \ r ) the corresponding 
non-archimedean field. Moreover, we put Kq = (K, \ ■ |o) where | • |o is the trivial 
absolute value. The distinction between K (which only carries a discrete valuation) 
and the fields K r (which are non-archimedean fields) is crucial for the applications 
in this article. 

If L = (L, | • \l) is any non-archimedean field, then we denote by L° the ring 
of integers and by L the residue field. In particular, K° — K° and K r = K 
for r e]G, 1[. A formal scheme 3£ over L° is called stft if it is separated, and 
topologically of finite type over L°. We denote by 3^ its generic fiber, a L-analytic 
space, and by 3£ s its special fiber, a separated scheme of finite type over L. There 
is a natural specialization map (of setifl) spx ■ 3£-q — * 3£s- If X is a separated 
scheme of finite type over L, we denote by X an the L-analytic space associated to 
X via non-archimedean GAGA 0] 3.4-5]. 

A special formal if°-scheme is a separated adic Noetherian formal scheme 
endowed with a morphism — > SpfL"°, such that 3£/J is of finite type over 
K° for any ideal of definition J on 3£ (this definition is slightly more restrictive 
then the one used by Berkovich in [6]). In particular, any stft formal LT°-scheme 
is special. We denote by (SpF/K°) the category of special formal LT°-schemes. 

There is a functor 

(•)o : (S P F/K°) -» (sft/K) : JT h- ^ 

to the category (sft/K) of separated LT-schemes of finite type, where 3£q is the 
reduction of S£ (the closed subscheme of S£ defined by the largest ideal of definition 
in O x ). 

Moreover, we consider the functor 

(•)« : (SpF/K°) -► (SpF/K) : JT h-> 5C s = x SpfK ° SpecLf 

4n fact, if | ■ | x, is non-trivial, spar can be enhanced to a morphism of ringed sites: the 
specialization morphism sp«j- : — ► X ' , where X n is endowed with the strong C7-topology; note 
that \X\ = \X 3 \. 
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mapping S£ to its special fiber S£ s . If S£ is stft over K°, then 5£ s is a scheme, 
and 3£q is the maximal reduced closed sub-scheme of 3£ s ; in any case, (^s)o — <^o- 

For any special formal if-scheme S£ and any value r € ]0, 1[, we denote by S£(r) 
the formal scheme 3£ viewed as a special formal _ftT°-scheme via the identification 
K° = K°. We denote by X(r) v the generic fiber of JT(r) in the category of K r - 
analytic spaces. We also put 3£{(S) = S£ s . It is a special formal scheme over K, and 
we denote its generic fiber in the category of ifo-analytic spaces by 3£{Q) n . For each 
r E [0, 1[, there is a canonical specialization map (of sets) sp^r( r ) : ^{r)^ — > 3C§. 

If X is a separated ii-scheme of finite type, then we can view X also as a stft 
formal Jl-scheme, and there exists a canonical morphism of -Ko-analytic spaces 
X n — > X an , which is an isomorphism iff X is proper [2TJ 1.10]. Hence, if is a 
proper sf/i formal i?-scheme, then %~(0) v is canonically isomorphic to ^ a ™. 

A s£/t formal if °-scheme is called strictly semi-stable if it can be covered with 
affine open formal subschemes ^ , endowed with an etale morphism of formal K°- 
schemes of the form 

^ -> Spf K °{x , . . . , x m }/ (x ■ Xi ■ . . . ■ x p - 7r) 

for some p < m, where it generates the maximal ideal of K° (in particular, n = 
if the valuation on K is trivial). 

This definition includes as a special case the class of strictly semi-stable K- 
varieties, i.e. varieties which admit Zariski-locally an etale map to a X-scheme of 
the form Spec K[xq, ■ ■ ■ , x m ]/ (xo ■ x\ ■ . . . ■ x p ). If 3£ is a strictly semi-stable formal 
if-scheme, then 3£ 8 is a strictly semi-stable K- variety. 

If X is a strictly semi-stable K- variety, we denote by Irr(X) its set of irreducible 
components. For any non-empty subset J of Irr(X), we put Xj — ClvejV and 

Xj — Xj \ L>WE(Irr(X)\J)W . 

2.3. The analytic Milnor fiber. Let k be any field, and put K = k((t)), endowed 
with the i-adic valuation. Fix a value r £ ]0, 1[. Let X be a variety over k, endowed 
with a morphism of fc-schemes / : X — * Spec k[t\. The i-adic completion of / is 
a stft formal iif "-scheme X ', whose special fiber 3£ s is canonically isomorphic to 
the fiber of / over the origin. For any closed point x of i£" s , the set sp~^-,Jx) 
is open in &(r) v and inherits the structure of a X r -analytic space. By }9, 0.2.7] 
it is canonically isomorphic to the generic fiber of the special formal i4T°-scheme 
Spf Ox,x, where the if°-structure is defined by /. In [21], we called sp^,Jx) the 
analytic Milnor fiber of / at x, and we denoted it by & x . By [6l 3.5], if k is separably 
closed, the ^-adic cohomology of & x is canonically isomorphic to the cohomology of 
the stalk of the complex of £-adic nearby cycles at x (here £ is a prime invertible in 
k): for each integer i > 0, there is a canonical G(-ftf s /-fr)-equivariant isomorphism 

3. The simplicial set associated to a strictly semi-stable variety 

3.1. Definitions. In this section, we define the simplicial complex A(X) associated 
to a strictly semi-stable if- variety X, and we list some basic properties. 

Remark. In [27l §4.1], Thuillier defines A(X) as an oriented simplicial complex 
by choosing a total order on the set of irreducible components of X. It seems 
more natural to construct A(X) as an unoriented simplicial set, independent of 
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all choices. This is the approach we adopt here. The result is isomorphic to the 
unoriented simplicial set underlying Thuillier's construction. □ 

For any pair of categories C, T>, we denote by T>°C the category of presheaves 
on V with values in C. Its objects are functors T>° — > C, where V° denotes the 
opposite category of V, and its morphisms are natural transformations of functors. 
We denote by (Ens) the category of sets. 

For any integer n > 0, we denote by [n] the set {0, . . . , n}, and we define a 
category A whose objects are the sets [n] for n > 0, and whose arrows are maps of 
sets. The category A°(Ens) is called the category of (unoriented) simplicial sets. 

The object of A°(Ens) represented by [n] is called the standard n-simplex, and 
denoted by A[n]. If E is a simplicial set and n > is an integer, we call E([n]) 
the set of n-simplices of E. Note that there exists a natural bijection E([n]) = 
Hom^°( Ens )(A[n], E). A n-simplex 7 is called degenerate if there exists a map of 
sets g : [n] — > [n— 1] such that 7 belongs to the image of E (g) : E([n— 1]) — > E([n]). A 
m-simplex 71 and a n-simplex 72 are called equivalent if there exist maps [m] — > [n] 
and [n] — > [m] mapping 72 to 71, resp. 71 to 72. For any set I, we define the 
associated simplicial set Aj by 

Aj([n]) = Fom (B „ s) ([n],J) 

for all n > 0. 

There is a natural geometric realization functor 

I • I : A°(Ens) -» (Ae) : E |E| 

where (if e) denotes the category of Kelley spaces (topological Hausdorff spaces T 
such that a subset of T is closed iff its intersection with all compact subsets of T 
is closed). This functor is characterized by the fact that it commutes with direct 
limits, maps the standard n-simplcx A[n] to the topological n-simplex 

n 

A n = {(«„, . . . , u n ) e [0, 1 = 1} 

i=0 

and sends a map of sets a : [m] — > [n] to the unique affinc map |a| : A TO — > A„ 
sending the vertex Vi of A m to the vertex of A„ (for n > and i e [n], the 
vertex V{ of A„ is the point with coordinates Uj = Sij, j = 0, . . . , n). 

If S is a simplicial set, then a n-cell of |E| is the image of the interior (A„)° under 
the map I7I : A„ — ► |E| induced by some non-degenerate n-simplex 7 £ E([n]). 
Two simpliccs 71 G E([m]) and 72 E E([n]) are equivalent, iff the images of the 
corresponding maps 71 1 : A m — * |E and I72I : A„ — > |E| coincide. 

Now let A be a strictly semi-stable AT-variety. We denote by Str(X) the set 
consisting of the generic points of the closed subsets Xj of A, where J varies over 
the non-empty subsets of Irr(X). In particular, Str(Xj) C Str(X) is the set of 
generic points of the smooth variety Xj. Identifying an element of Irr(X) with its 
generic point, we can consider Irr(X) as a subset of Str(X) in a natural way. 

For any point x of A, we denote by ^>(x) the set of elements of Irr(X) containing 
x ; if we want to make A explicit, we write ^x(x) instead of ^(x). For any point x 
of Str(X), we denote by S x the connected component of X^,^ containing x. Then 
x is the generic point of S x , and {S x \ x G Str(X)} is a finite stratification of A 
into smooth irreducible locally closed subsets. We call any union of strata a strata 
subset of A. 
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We define a partial ordering on Str(X) as follows: x < y iff y belongs to the 
Zariski closure of {x} in X. For each x £ Str(X) we consider the simplicial set 
A(x) = A^,^). For x < y, we have ^(x) C ^(y), and hence a natural morphism of 
simplicial sets A(x) — > A(y). This defines a functor 

A(-) : Str(X) -> A°(Ens) 

and we define A(A") as its colimit: 

A(X) = lim A(-) 

Str(X) 

We can give a more explicit construction of A(A) as follows. Denote, for each 
n > 0, by D(X)([n]) the set of couples (x, f) with x £ Str(X), and / a surjection 
[n] — » 'I'(x). For any map a : [m] — > [n], we define a map 

D(X)(a):£(X)([n])^£(X)([m]) : (z,/) « (*',/') 

where /' := / o a, and x' is the unique point of Str(X) such that ^x') = Im(f') 
and x belongs to the Zariski closure of {x'} in X. In this way, D(X) becomes a 
simplicial set. The following lemma can be verified in a straightforward way. 

Lemma 3.1. There exists a canonical isomorphism of simplicial sets A(A) = 
D{X). In particular, for each n > 0, there is a canonical bijection between the 
set of equivalence classes of non-degenerate n-simplices (or, equivalently, the set of 
n-cells) of A(X) and the set Uj c j rr ^x).\.;\= n +iStr(Xj). 

Hence, the non-degenerate n-simplices 7 of A(A) correspond to couples (x, /) 
with x £ Str(X) and / a bijection [n] = &(X). A point z of the corresponding 
cell of \A(X)\ is the image of a unique point (ito, ■ ■ ■ 1 u n) of (A„)° under the map 
7I : A„ — > |A(X)|, and we define a tuple v £ ]0, l]*^) by v(i) — ut-iu) for 
i £ \l/(x). This tuple is invariant under equivalence of non-degenerate n-simplices, 
and the point z of |A(X)| is completely determined by the couple (x, v). 

Definition 3.2 (Barycentric representation). We call v the tuple of barycentric 
coordinates of the point z, and we call (x,v) the barycentric representation of z. 

By Lemma 13. 1[ there is a natural bijection x 1— > C x from Str(X) to the set of 
cells of |A(X)|. Whenever E is a strata subset of X, we denote by |A^(X)| the 
union of the cells C x with x £ Str(X) n E. 

3.2. Comparison with Berkovich' definition. Denote by A the subcategory of 
A with the same objects but with only injective maps. This is a full subcategory 
of the category A considered in [71 p. 24]. If X is a strictly semi-stable K- variety, 
then Berkovich defines in [Jj p. 29] an object C(X) of the category A°(Ens) of 
presheaves on A, and its geometric realization |C(AT)|. The aim of this section is to 
compare these objects with the simplicial set A(X) defined above, and its geometric 
realization |A(A)|. 

A simplicial set E is called non-degenerate, if for any injective map [m] — > [n] 
in A, the induced map — -> E([m]) takes non-degenerate n-simplices to non- 
degenerate m-simplices. A morphism of simplicial sets is called non-degenerate if 
it takes non-degenerate simplices to non-degenerate ones. We denote the subcate- 
gory of A°(Ens) consisting of non-degenerate simplicial sets with non-degenerate 
morphisms between them by A°(Ens) n d- 
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The embedding of A in A, resp. A induces forgetful functors F : A°(Ens) — » 
(A)°(Ens) and G : A°(Ens) -» (A)°(Ens). 

Lemma 3.3. The functor G : A°(Ens) — > (A)°(Ens) has a left adjoint H : 
(A)°(Ens) — > A°(Ens). This functor is a faithful embedding, its image is contained 
in A°(Ens) n( i, and H : (A)° (Ens) —> A°(Ens) n d is an eguivalence of categories. 

Proof. For any integer n > 0, we denote by A[n] the object of (A)°(Ens) repre- 
sented by [n]. For any object S of (A)°(Ens), we denote by A/5* the category 
of morphisms a : A[n] — > S, with n > 0, where a morphism in A/5 from a to 
(3 : A[m] — > 5 is a map / : A[n] — > A[m] in (A)°(Ens) with a — (3 o f . We define 
the functor 7? by putting Hs{a) = A[n] for any object a : A[n] — > S 1 of A/S, and 

- lim H s (-) 

A/S 

In particular, H(A[n]) = A[n]. The action of H on morphisms in (A)°(Ens) is the 
obvious one. 

Now we check that H is indeed a left adjoint for G. Let E be any object of 
A°(Ens), and let S be any object of (A)°(Ens). By definition, 

Hom A <,( Ens )(H(S),Z) = lim E([n]) 

A[n]->S 

and since 

E([n])=G(E)([n])=ffom (S)0(BB , ) (A[n],G(E)) 
it suffices to note that 

5 = lim A[n] 

for any object S of (A)°( ; Bns), by [13 II.l.l]. 

For any object S of (A)°(Ens), and each integer n > 0, we consider the set 
S n (S) consisting of triples (p, /, 7) where p > 0, / is a surjection [n] — * [p], and 7 
is an element of 5([p]). We define an equivalence relation on S n (S) by stipulating 
that (p, /, 7) ~ (p', /', 7') iff p — p' and there exists an automorphism Lp of [p] such 
that /' = Lp o / and 7 = S{ip){j'). 

It is not hard to see that, for each integer n > 0, there exists a canonical bijection 
between the set of n-simplices H(S)([n]) and the quotient set S n (S)/ ~. The n- 
simplex represented by (p, /, 7) is non-degenerate iff p — n. If a : [m] — > [n] is a 
morphism in A, then 

H(5)(a):ff(5)([n])-ff(5)([m]) 

maps (p, /, 7) to 

(q, (foa: [m] -> Im( f o a) = [q]), 7') 

where we chose an isomorphism [q] = Im(foa) and 7' is the image of 7 in i?(S')([g]) 
w.r.t. the inclusion map [q] = Im(f o a) — > [p]. Using this description, one can see 
that for any morphism h : S -»■ T in (A) (£ns), the image : -» ff(T) 

is a non-degenerate morphism between non-degenerate simplicial sets. 

To conclude, we construct a quasi-inverse I for H : (A)°(Ens) — > A°(Ens) n d- 
For any non-degenerate simplicial set E and any n > 0, we define 7(E) ([n]) as 
the set of non-degenerate n-simplices of E. By the definitions of non-degenerate 
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simplicial set and non-degenerate morphism, we can make I into a functor in the 
obvious way. It is easy to see that I is quasi-inverse to H . □ 

Proposition 3.4. For any strictly semi-stable K -variety X , there exists a canonical 
isomorphism of simplicial sets a : (H o F)(C(X)) — > A(X). In particular, A(X) 
is non- degenerate. Moreover, there exists a canonical homeomorphism \A(X)\ — > 
\C(X)\. ' 

Proof. Recall that, for any point x of Str(X), we denote by ^(x) the set of ir- 
reducible components of X containing x. Then, by definition, for any integer 
n > 0, F(C(X))([n]) is the set of pairs (x,a) with x £ Str(X) and a a bijection 
[n] — > ty(x). By the construction of the functor H in the proof of Lemma l3.3l we see 
that (HoF)(C(X))([n\) is the set of pairs (x, j3) with x £ Str(X) and (3 a surjection 
[n] — > ^(x). Now the existence of the canonical isomorphism follows from Lemma 
13.11 The existence of a canonical homeomorphism \{H o F)(C(X))| — > |C(X)| is 
clear from Berkovich' construction of \G(X)\. □ 

3.3. The skeleton of a strictly semi-stable formal scheme. Let (L, ■ \l) 

be an arbitrary non-archimedean field, with ring of integers L° and residue field 
L (we do not exclude the trivial absolute value). We recall a particular case of 
Berkovich' definition of the skeleton S(3f) of a poly-stable formal L°-scheme JT, 
and his construction of a strong deformation retract of onto S(3£) (see [7J § 5]). 
We establish some basic properties for use in the following sections. 

Case 1. Suppose that 3£ — Spf A with A = L°{xq, . . . , x m }/(xo ■ . . . ■ x p — a) 
for some p < m, and with a £ L°, \ol\l < 1. Each element of Al := A®l° L has a 
unique representant in the set 

D = e L{x , ■ ■ ■ , Xm} \a,i = if min{? , ■ • • , i p } > 0} 

i.e. the natural map 13 — > ^ is a bijection (and even an isometry if we endow Al 
with the quotient norm w.r.t. the given presentation L{xq, . . . ,x m } — > Al). Put 

S={r£[0,l}W\r o -...-r p = \a\ L } 

and consider the map 8 : S — > mapping r to the element 8(r) of ^ = ^#(A^) 
defined by 

6(r) : D R+ : Va,!* max {kkr*} 

where r J = Tq rp p with the convention that 0° = 1. The map 9 is a homeo- 
morphism onto its image 0(S), which is by definition the skeleton S(SZ') of X , and 
6 is right inverse to the map <f> : 3£ n — > 5 mapping a point z of ^ to the tuple 
(|xo(z)|, ■ ■ ■ j l :c p( z )l)- If we P u t Tgc — 6 o <f>, then Berkovich constructed a natural 
strong deformation retract § % : 3£ n x [0, 1] — ► 3£ n with $^r(-, 1) = r$r. 

Case 2. Now we consider the case where X admits an etale map h : X — > ^ 
Spf 1 . with A as above. Then the skeleton S{3£) is the inverse image of S(^) 
under h v , and it does not depend on the choice of the map h. Moreover, Berkovich 
describes the map <J>^- in terms of a certain torus action, which lifts uniquely to S£ n \ 
in this way, he defines a natural strong deformation retract Qgc : S£ n x [0,1] — > 5£ n 
of 2£n onto S{££), such that $<3r(h n (x), p) = h v o <&x{x, p) for each point x of ^ 
and each p £ [0, 1]. This map ^sc does not depend on h. 
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Case 3. Finally, if 2£ is a stft formal L°-scheme that can be covered by open for- 
mal subschemes with the property of Case 2, then the construction of the skeleton 
S(3T) and the strong deformation retract are obtained by gluing the construc- 
tions in the previous step. We put tsc — $,2r(-, 1) : 3Cr\ — > S {$>"). In particular, 
Case 3 applies to all strictly semi-stable formal if "-schemes. 

The map $ <%■ has the following property: for any point x of SZq, we have {spx o 
<S> p) — spx{x) for p G [0, 1[, and [spsc °Tsr)(x) is the generic point of the 
stratum of the strictly semi-stable L- variety 2£ s containing spsr(x). In particular, 
if E is a strata subset of 3£ s , then restricts to a strong deformation retract 

sp^(E) x [0,1] ^sp£{E) 

onto S{3C) Hsp-^(E). 

Berkovich constructed a natural homeomorphism S(^) = |A(i£" s )| (here we use 
the canonical homeomorphism A(i£T s ) = |C(^* S )| established in Proposition [33]). 
If E is a strata subset of then this homeomorphism identifies S{3£) fl sp~^{E) 
with \A E (,T S )\ (cf. |7, 5.4]). 

We will give an explicit description of the composed map 

tx{t) ■ &(r) v -» S(&(r)) S |A(JT S )| 

if is a strictly semi-stable formal if°-scheme, and r G [0, 1[. 
For n > and g G [0, 1[, put 

EJ = {(« o ,... > ltn)G[0,l] [n] | 11^ = ^ 

In [71 § 4] , Berkovich constructs a natural homeomorphism a : A„ — > S™ . It 
identifies the face of A„ corresponding to a non-empty subset 5 of [n], with the 
subspace of E™ defined by Uj = 1 for i ^ S 1 (note that this subspace is homeomorphic 

to 1 ). If w is a point of A„, we call the tuple a(w) in E™ the g-coloured 
coordinates of w. 

For any non-empty finite set I and any q G [0, 1[, a induces a map 

a:{ue [0,l}'\ 5>(t) = l}-{«G [0,1] J | n«W=?} 

by choosing a bijection / = [n] for some n > 0; the map is independent of this 
choice. 

Definition 3.5 (q-coloured representation). We fix a value q G [0, 1[. Let X be 

a strictly semi-stable K -variety, and let z be a point of |A(Jf)| with barycentric 
representation (x,v) (see Definition \3.ty) . We define the q-coloured coordinates of 
z as the image of v under the map 

a:{ue [0, 1]*<"> | £ u(i) = 1} -> {u G [0, 1]*<*> | J[ u(i) = q} 
iei iei 

and we call (x,a(v)) the q-coloured representation of z. 

Lemma 3.6. Let 3£ be a strictly semi-stable formal K° -scheme, and fix a value 
r G [0, 1[. Let Zq be any point of the special fiber H£ s , and let x be the unique point 
of Str(S^s) such that Zq is contained in the stratum S x . 

For each element C of^(x), we choose a generator Tq of the kernel of the natural 
morphism O ' sc ,z ~~ * ^c,z - Then the image of a point z G sp~art \{zq) under the 
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retraction T%rt r ) ■ 3C{r)-q — > S($?(r)) = |A(^T S )| is the point with \tt\k,,- coloured 
representation (x, (\Ti(z)\)i e -q,( x )). 

Recall that ir is a generator of the maximal ideal of K° . 

Proof. If S£ is of the form Spf A with A — K °{xq, . . . , x m }/(xo x p — tt), then 

this follows immediately from the constructions in § 5] . So let us assume that 
,% admits an ctalc morphism h : — > = Spf A. Shrinking 3£ around zq, we 
may assume that x is the unique maximal clement of Str(^ s ) (w.r.t. the partial 
order defined in Section [3~Tj) , and that h induces a bijection Irr{3£ s ) = Irr{W s ). In 
this case, h induces isomorphisms (3 : A{3£ s ) = A(^) = A[p] and 7 : S(3y(r)) = 
S{^{r)), by Step 6 in the proof of Theorems 5.2-4 in [7]. 

Since |</?(z)| = 1 for any unit (p on X , the value |Ti(z)| only depends on i and z 
and not on the choice of the generator T^. Hence, we might as well take T; = h*x t 
for i — 0, . . . ,p (we used the bijection Irr(3^ s ) = Irr(W s ) to identify fy(x) with 
{0, . . . ,p})- Therefore, it only remains to observe that the diagram 

|A(JT 5 )| ► S(&(r)) 



I: 



|A(^ S )| ► S(&(r)) 

commutes, where the horizontal arrows are the natural homeomorphisms con- 
structed by Berkovich (in fact, this is the definition of the upper horizontal arrow 
in Step 6 of Berkovich' proof 7, p. 48]). □ 

3.4. Restriction to irreducible components. Let X be a strictly semi-stable 
if-variety, and let E be a union of irreducible components of X. Of course, E 
itself is again a strictly semi-stable X-variety, and hence, it defines an associated 
simplicial set A(E) with geometric realization \A(E)\. In general, |A(.E)| is not 
homeomorphic to |As(X)|. For instance, when X = Spec K [x, y\/{xy) and E is 
the component x = 0, then |A(.E)| is a point while |A#(X)| is homeomorphic to the 
semi-open interval [0, 1[. However, it is clear from the definitions that the inclusion 
Str(E) C Str(X) induces an injective morphism of simplicial sets A(E) — > A(X) 
and a natural continuous injection ^(E 1 )! — > |A£j(-X")| which is a homeomorphism 
onto its image. 

Denote by £ the formal completion of X along E; this is a special formal K- 
scheme. The closed immersion of special formal if-schemes h : E — > (£ induces a 
morphism of ifo-analytic spaces h n : E n — » t£, ; . 

Proposition 3.7. If X is a strictly semi-stable K-variety, and E is a union of 
irreducible components of X , then there exists a strong deformation retract 

$f : \A E {X)\ x [0,1] - \A E (X)\ 

of \Ae(X)\ onto \A(E)\ such that the diagram 



|A(£)| &± \A E (X)\ 



commutes. 
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Proof. We may assume E ^ X. Choose a sequence 

Irr(E) = 1(0) C 7(1) C...CJ(g+l) = Irr(X) 

such that \I(i + 1)| = |J(i)| + l for i = 0, . . . , g, and put E^ = L>vei(i)V- Denote by 
(£W the formal completion of E^ along E, and by ; (£W — > the natural 

closed immersion. It suffices to construct a strong deformation retract & E ( q ) of 
|A B (X)| onto \A E (E^)\ such that the diagram 




(3.1) \r E(q) \ Tx 

\A E (EM)\ ** t9)( - 1) |A B (X)| 

commutes: iterating the construction, we get strong deformation retracts ^ E ^ 
for i = 0, . . . , q, and these can be glued to obtain & E . 

To simplify notation, we will denote E^ by Y, <*(«) by ^, and by ff . Denote 
the unique element in Irr(X) \ Irr(Y) by a. 

For any point z of |A(X)|, we will denote its 0-coloured representation by 
(x z ,u z ). The point z belongs to |A B (X)| (resp. |Ab(F)|) iff ^xC^z) C\Irr(E) ^ 
(resp. iff *x(a; z ) n Irr(E) ^ and $ x (x z ) C Jrr(y)). 

For 7^ J C Irr(X), x a generic point of Xj, and u € [0, 1] , we define the 
support Supp(u) of u as the set of indices i G J with it(i) ^ 1. We identify (a;, it) 
with the point z G |A(X)| with 0-coloured representation (x z ,u z ), were ii z is the 
restriction of u to Supp(u) and x z is the unique generic point of Xs upp ( u ) such that 
a; belongs to the Zariski closure of {x z } in X. 

Consider the function 

: \A E (X)\ x [0,1] -» |A B (X)| : (z = (* z ,0,p) -> (x„u(p)) = *£(z,p) 

where it(p) £ [0, l]*x( x *) depends on x z , u z and p, and is defined in the following 
way. 

Case 1. If a ^ ^x(a; z ), then w(p) = u z for each value of p. 

Case 2. Now assume that a G ^xt^z)- If there exists an element 6 G ^y{x z ) = 
*&x(x z ) (~1 Jrr(F) with u z (b) = 0, then we put 

!u z (i) for i S ^y(x z ) and p G [0, 1] 
u z (a) for i = a and p G [0, 1/2] 
w z (a) + (1 - u z (o))(2p - 1) for i = a and p G [1/2, 1] 

Case 5. Finally, suppose that u z (i) ^ for all i G Then necessarily 

u z (a) = 0. We put u(p)(a) = for p G [0, 1/2], and 

u(p)(i) =u g (i) -2p- min (u z (j)) 

for i G x l/y(x z ) and p G [0,1/2]. Then there exists an element b G ^y(x z ) with 
u(l/2)(6) = 0, so that the definition in Case 2 applies to t> := u(l/2) G [0, l[**( x *), 
and we put tt(p) = u(p) for p G [1/2, 1]. 

It is easily seen that the map $y is continuous, and defines a strong deformation 
retract of |Ab(X)| onto [As(Y)|. Let us check the commutativity of diagram (|3.1[) . 
Let z be any point of and put spay(z) = spx(z) — Zq. For each element 
C of ^x{zq), we choose a generator Tc of the kernel of the natural morphism 
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Ox.z — > (?c,2 - Denote by y and x the points of Str(Y), resp. Str(X) such that 
zo belongs to the corresponding stratum of Y, resp. X. Then by Lemma [3.61 we 
have to show that $y (•, 1) takes the point z' — (tx ° 9n)( z ) °f |A,e(X) with 0- 
coloured representation (x, (\Ti(z)\)i e ^ x t Zo \) to the point ry(z) of |Ab(Y)| with 
0-coloured representation (y, (\Ti(z)\)j e $, Y r Z0 )). 

If^xC-^o) = ^y(zq) this is obvious, so assume that VP x(zo) = ^y(zq)\J{o}. Since 
z is an element of £9^, there exists an element i of ^y(zo) with |Tj(z)| = 0. By 
Case 2 of the definition, <&y ( z '> 1) is given by the couple (x, v) with v <E [0, l]* x ( z °) ; 
v(i) = \Ti(z)\ for i ^ a, and w(a) = 1. By the identifications we made, this is 
exactly the point Ty(z) (since y is the unique generic point of Xq, Y ( ZQ ^ such that x 
belongs to the Zariski closure of {y} in Y), □ 

Corollary 3.8. The map h n : E n — ► (S^ is a homotopy equivalence. 

Proof. By Proposition 13. 7\ is a homotopy equivalence with as homotopy 

inverse the natural embedding i : \A(E)\ — > |A^(X)|. Moreover, and tx 
are homotopy equivalences with as homotopy inverses the natural embeddings 
<je ■ |A(£7)| — > resp. ox : |A^(X)| — > (£ I( (we used Berkovich' natural 
homeomorphisms to identify |A(i£)| with the skeleton S(E) and |Ae(X)| with 
S(X) fl sp x 1 (E)). Now the fact that h v is a homotopy equivalence follows from 
the commutativity of the diagram in the statement of Proposition 13.71 and the 
commutativity of the diagram 

|A(£)| — L_> |A B (X)| 



E v 2_» £r) 

which follows easily from the description of the skeleton in Section 13.31 □ 



4. Homotopy type of the analytic Milnor fiber 

Let k be any field, and put R = k[[i\) and K = k((t)), endowed with the i-adic 
valuation (so R — K°). For each < r < 1, we denote by | • \ r the i-adic absolute 
value on K with \t\ r = r. We fix an algebraic closure K a of K. 

We endow k with its trivial absolute value | • |o, and we put := Spf R. Moreover, 
we endow k[t] with the trivial Banach norm (this norm coincides with the Gauss 
norm if we view k[t] as the algebra of convergent power series k{t}). The formal 
scheme 9\ is a special formal fc-scheme in the sense of [5J. We denote its generic 
fiber by 9l v ; it coincides with the open unit disc D (l) = {x G JZ(k[t])\ \t(x)\ < 1}. 

The following result was stated in Step 3 of the proof of [3J Thm4.1], without 
proof. We include the elementary proof for the reader's convenience. 

Lemma 4.1. The natural map 

* : I?o(l) — [0, 1[ : as k-* |t(x)| 

is a homeomorphism. If we put p r := 5 ,_1 (r) for < r < 1, then the residue field 
je(p r ) is K = (k, \ ■ |o) for r = 0, and K r = (K,\- \ r ) for < r < 1. 

Proof. The map VP is obviously continuous. Its inverse is 

V- 1 : [0 ) l[-A,(l):rh4 JV 
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where p r is bounded multiplicative semi-norm in defined byp r (J^_ ait 1 ) := 

maxj lo 7 " 1 (with the convention that 0° = 1). 

Indeed: it is clear that W o vp -1 is the identity. Now we show that is also 
left inverse to 'J. Choose x in Dq(1) and put r = \t(x)\. A classical trick shows 
that the residue field Jf?(x) of x is ultrametric: for /, g in k[t], and n > 0, we have 

k/+.9)"wi = i(E <Ei(")ioi/wri5Wi M 

i=0 ^ ' i=0 ^ ' 

<(n + l)(max{ 1/(1)1, 1^)1})" 

and taking n-th roots and sending n to oo, we see that \ (f+g)(x)\ < max{ |/(x)|, \g(x) \ }. 

If r = 0, then the ultrametric property implies a; = f>t)j so we may assume 
< r < 1. In this case, |ai 8 (x)| / a'i^x) for a, a' e fc* and i / j, so we get 
KXiLo^X 1 )! = maxj |a 4 | r l . 

It remains to prove that 'J' -1 is continuous. By definition of the spectral topology, 
it suffices to show that [0, 1[— > K + : r i— » |/(Pr)| = Pr(f) is continuous for each 
/ G fe[t]. This, however, is clear. 

Finally, we determine the residue fields of the points p r . Since | 2i=o a it l ( x )\ = 
| ao | o j we see that 34? (po) = (k,\ ■ \q). For r > 1, no element of k[t] \ {0} vanishes in 
p r , so 34? (p r ) is the completion of k(t) w.r.t. p r ; this is exactly (K, \ ■ \ r ). □ 

If 9? is a special formal i?-scheme, then we can also consider 1" as a special 
formal fc-scheme via the composition 9? — > 9t — > Spec fc. We denote this object by 
J?T fe . This yields a forgetful functor 

(SpF/R) (SpF/ife) : ^ ,T fc 

from the category (SpF/R) of special formal i?-schemes to the category (SpF/k) 
of special formal fc-schemes. We can associate to its generic fiber 9?Jf (a -fQ)- 
analytic space), and there is a natural specialization map spx k '■ 9?^ — » J£o. 

The map of special formal fc-schemes /i : 9S k — > EH induces a map of i^-analytic 
spaces h v : 9?* — > Dt,,. Its fibers can be described as follows. 

Lemma 4.2. For < r < 1, there is a canonical isomorphism 

9?{r) S 9? k X m Spf H(p r )° 

and the fiber of over p r is canonically isomorphic to the K r -analytic space 
9?{r) v . 

Proof. By the construction of the generic fiber in [6l §1], it suffices to consider the 
case where 9S — Spf A, with A of the form i?[[xi, . . . , x m ]]{?/i, . . . , y n }. Then 9?Jf 
is the polydisc 

{z e ^(k[t, x\, . . . , y n ]) | \t(z)\ < 1 and \xi{z)\ < 1 for i = 1, . . . , m} 

where k[t,x\, . . . , y n ] carries the trivial Banach norm, and the map h n sends the 
bounded multiplicative semi- norm z to its restriction to k[t\. Now we observe that 

k[t,xi, . . . ,y n ]®k[t]-&'(po) — k[ x U ■ ■ -iVn] 

while 

k[t,x!, . . ■ ,y n ]®k[i\9>?{pr) = K r {x x , ■ ■ .,y n } 
for < r < 1. □ 
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Proposition 4.3. Let JT be a special formal R-scheme. If we denote by A the map 
— > |9t7j| — [0, 1[, ifcera for each r G [0, 1[, there exists a canonical homeomor- 
phism \%~(r) n \ = A _1 (r) smc/i i/iai i/ie square 

\%(r\\ — ^ A-^r) C 1^1 



\%o\ |^o| 

commwies. 

Moreover, for any < r < 1, t/iere exists a canonical homeomorphism 

tfiA-^lO.lU-HiFM.jIxlO.lI 

suc/i i/ioi i/ie composition of (p with the projection \^(r) v \x ]0, 1[^]0, 1[ coincides 
with A : A _1 (]0, 1[) ->]0, 1[. 

Proof. It suffices to consider the case where Jf = Spf A is afhne, with A of the 
form 

A = R[[x!, . . . ,x m ]]{y l , . . . ,y n }/(fi, ■ ■ ■ ,fe) 

Then is a closed subset of the polydisc 

E := {z G JV{k\t, x\,..., y n ]) \ \t(z)\ < 1 and \xi{z)\ < 1 for i = 1, . . . , m} 

where k[t, x\, . . . , y n ] carries the trivial Banach norm, and this closed subset is 
defined by the equations z(fj) — 0, j — 1, . . . ,£. The map A sends z to the point 
\t(z)\ of |$H„| = [0,11 

It is clear that A 1 (r) is canonically homeomorphic to \^~(r) v \ for each r, and 
that this homeomorphism is compatible with the specialization maps sp$r( r ) and 
sp^rki w.r.t. both of these maps, the image of a point z in A -1 (r) is the open prime 
ideal {/ G A | |/(z)| < 1} of A. 

Now fix r in ]0, 1[, and consider the map 

* : A _1 (]0,1[) \&(r) v \x]0,l[:x» (x log ^> r , A(x)) 

where we denote by x 1oSa ( x ' r the bounded multiplicative semi-norm in ^(k[t, x\ , . . . , 
sending / G k[t, x x , . . . , y n ] to x(/) logA <-> r ; then clearly A(x logA <-> r ) = r. The map 
^ is a bijection, with inverse 

and one checks immediately that both W and are continuous. □ 

Proposition 4.4. Let X be a strictly semi-stable formal R-scheme, let E be a 
union of irreducible components of % s , and denote by € the formal completion of 
X along E. 

(1) The inclusion map 

<£(r)„ - <!* 

is a homotopy equivalence, for each r G [0, 1[. 

(2) The natural map E^ — ► €(0)^, induced by the closed immersion E — > €(0), 
is a homotopy equivalence. In particular, if E is proper, then E an — ► £(0) r) is a 
homotopy equivalence. 
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Proof. (1) In the last part of the proof of [31 4.1], Berkovich constructs the so-called 
skeleton S(Jt~ C associated to the morphism of special formal fc-schemes 
% k -> 91: it is the union of the skeletons S(5£{r)) C %{r\ = \~ x {f), r G [0, 1[. 
Moreover, he shows that the map <& : 3£ k x [0, 1] — ■+ <^ fc which coincides with 
^SC(r) on A _1 (r) x [0,1], is a strong deformation retract of onto S(3f/9t). 
By [JJ 5.2(iv)] <j> restricts to a strong deformation retract of (sp^k)~ 1 (E) onto 
S(SS~ /9t) n (spa^k)~ 1 (E) compatible with A (i.e. it is a strong deformation retract 
on each fiber of A). 

Next, Berkovich states that there exists a homeomorphism |A(J?T S )| x 9l n — > 
5(^"/9t) such that the projection of |A(^T S )| x 91,, on the second factor 91,, corre- 
sponds to the map A on S{3£ His construction contains a minor error, but it 
can easily be corrected as follows. By the same arguments, it suffices to construct 
a homeomorphism 

/ : x [0, l[-> {(a, p) G M W x [0, 1[ | x G ££} 

for each n, such that these homeomorphisms are compatible with the face maps 
(so that we get good gluing properties). We can define / by sending (y,p) to 
(x,p), where x is the unique intersection point of S" and the segment in 
joining y and (1,...,1). This homeomorphism identifies S(3£'/fR) D (sp k )^ 1 (E) 
with |A S (X)| x 9%. This proves (1). 

(2) Since i£" s is a strictly semi-stable fc-variety, and €(0) is isomorphic to the 
completion of 3£ a along E, this follows immediately from Corollarv l3 . 81 and the fact 
that E v ^ E an for proper E. □ 

Lemma 4.5. Assume that k is algebraically closed. If 3C is a strictly semi-stable 
formal R-scheme, and E is any strata subset of 3> s , then the natural map 

is a homotopy equivalence for any r G]0, 1[ and any isometric embedding of non- 
archimedean fields K r C L. 

Proof. Put & = J"x Spfi ?Spf L°. Then % 3r(r) v x Kr L, 1V S = X s x k L, and 
these natural isomorphisms commute with the specialization maps sp%;t r ) and spay, 
so that they induce a natural isomorphism 

s P~a;(r)( E )*K,L ^ sp^(F) 

where F denotes the inverse image of E in W s . 

Since k is algebraically closed, the natural map h s : W s — > 3£ s induces a bijection 
Irri^Vg) = Irr(^ s ) and a homeomorphism a : |A(^)| = |A(^T S )| identifying 
A^(^)| with \Ae(^~s)\- If we denote by h the natural morphism ^ — > ^(r) v , 
it is easy to see from the description in Section 13.31 that the diagram 



sp^(F) |A(^ S )| S(W)nsp^(F) ► sp^(F) 



1(3T S )\ 5(JT(r))nsp 
commutes (the right horizontal arrows are the inclusion maps). □ 



sp^\ r) (E) \A(3T S )\ S(&(r))nsp^ (r) (E) ► sp^ [r) (E) 



16 



JOHANNES NICAISE 



Proposition 4.6. Assume that k is an algebraically closed field of characteristic 
zero, and fix r € ]0, 1[. Let X be a proper flat R-variety such that X xrK is smooth 
over K , and such that X s has at most one singular point x, and denote by 3£ its 
t-adic completion. Then there exists a canonical long exact sequence in integral 
singular cohomology 

... -» H*((X s ) an ,Z) -» W(Ffr) v ,Z) H<(R,Z) -» H l+1 ((X s ) an ,Z) -» .. 

wjf/i ]a;[= sp^-, . (x) , and where i :\x\—> & (f)^ is the inclusion map and H*(-) is 
reduced cohomology. 

Proof. Passing to a finite extension of R, we may assume that there exists a proper 
morphism of i?-varieties h : Y —> X such that Y is strictly semi-stable, such that 
h is an isomorphism over the complement of x in X, and such that E := h^ 1 ^) is 
a union of irreducible components of Y s . We denote by W the t-adic completion of 
Y, and by € the formal completion of Y along E. 

The morphism h induces a surjective morphism of fc-analytic spaces /ij n : (Y) an — > 
(X s ) an ; since X and Y are proper over R, (Y s ) an and (X s ) an are compact Haus- 
dorff spaces. Moreover, h^ n maps (Y s \ E) an = (Y s ) an \ E an isomorphically to 
(X s ) an \ {x}, and maps E an to {x}. Therefore, h" n induces a homeomorphism 
(Y s ) an / E an ks (X s ) an , and we get a natural exact sequence 

... H l ((X s ) an ,Z) -> £P((Y s ) an ,Z) -> W(E an ,Z) -> i^ +1 ((X s ) an ,Z) -> ... 

By Proposition gj3] and Lemma 1431 the natural maps X(r) — > ^ fe , (Y s ) an — > ^ fc , 

_E a ™ — > and ]cc[ = <£(?"),, — > are all homotopy equivalences. Hence, we obtain 
the desired exact sequence. □ 

Now we come to the main result of this section: the description of the homotopy 
type of the analytic Milnor fiber. First, we need an auxiliary definition. Let r s]0, 1[ 
be the value fixed in Section 12.31 to define the analytic Milnor fiber ^ x as a K r - 
analytic space. 

Definition 4.7 (Strictly semi-stable model). Let X be a variety over k, endowed 
with a morphism f : X — > Spccfc[i] which is flat over the origin and has smooth 
generic fiber, and let x be a closed point of the special fiber X s = / _1 (0). A strictly 
semi-stable model of the germ (/, x) of f at x consists of the following data: 

(1) an integer d > 0, and an embedding of k[t\- algebras 

A d = k[t,u]/{u d -t) -> K a 

(2) a flat projective morphism g : Y — > SpecA^ whose u-adic completion is 
strictly semi-stable, 

(3) open subschemes U and V of X , resp. Y , with x G U , 

(4) a proper morphism ip : V — > U x Ad which is an isomorphism over 
the complement of U s , such that g = p2 o tp on V (with pi the projection 
U Xf.[t] A c i — > Spec J and such that ip (x) is a union of irreducible 
components of the special fiber Y s of g. 

We'll denote this strictly semi-stable model by (Y,g,tp) (the other data are implicit 
in the notation). We call d the ramification index of the strictly semi-stable model. 

A strictly semi-stable model of the analytic Milnor fiber JP X of f at x consists of 
the following data: 
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(1) an integer d > 0, and an embedding of non-archimedean K r -fields 

K r (d) = K r [u]/(u d - t) -> K? 

(2) a strictly semi-stable formal K r {d)° -scheme & , and a closed subvariety E 
of ^ s which is a union of irreducible components of^ s , 

(3) an isomorphism of K r (d)- analytic spaces <p : sp^ r -^(E) = & x Xpc r K r (d). 

We'll denote this strictly semi-stable model by , E, if) (the other data are implicit 
in the notation). We call d the ramification index of the strictly semi-stable model. 

It is clear that any strictly semi-stable model of (/, x) induces a strictly semi- 
stable model of & x by passing to the i-adic completion (and of course, this still 
holds if we omit the projectivity condition in (2)). 

Proposition 4.8. Suppose that k has characteristic zero. Let X be a variety over 
k, endowed with a morphism f : X — > Spec k[t] which is flat over the origin and has 
smooth generic fiber, and let x be a closed point of the special fiber X s — / -1 (0). 
Then (/, x) admits a strictly semi-stable model. 

Proof. We may as well assume that / is projective: restrict / to an afhne neighbour- 
hood of x, consider its projective completion, and resolve singularities at infinity. 
Now the result follows from the semi-stable reduction theorem [16, II] . □ 

Corollary 4.9. Under the same conditions, ^ x admits a strictly semi-stable model. 

Theorem 4.10. Suppose that k is algebraically closed (of arbitrary characteristic). 
Let X be a variety over k, endowed with a morphism f : X — * Spec k[t] which is 
flat over the origin and has smooth generic fiber, and let x be a closed point of 
the special fiber X s — / _1 (0). Suppose that & x admits a strictly semi-stable model 
(^VjE^tp). Then ^ x is naturally homotopy- equivalent to |A(_E)|. In particular, the 
homotopy type of |A(-B)| does not depend on the chosen strictly semi-stable model. 

Proof. Let d be the ramification index of the strictly semi-stable model ( l 3^,E,(p). 
The isomorphism tp induces an isomorphism 

S p-\ r) (E)x Kr{d) (K^ = ~W X 

so the result follows from Lemma 14.51 and Proposition 14.41 □ 



Remark. By the same arguments, we have the following result: suppose that k is 
algebraically closed, and fix r G]0, 1[. Consider a generically smooth stft formal 
i?-scheme 3£ , and assume that it admits a strictly semi-stable model h : & — » SC 
(i.e. & is a strictly semi-stable formal L°-scheme for some finite extension L of K r 
in K", and h is a morphism of formal i?-schemes such that the induced morphism 
*3C — > St "(r) n y~K T L is an isomorphism). Such a model exists, in particular, if k has 
characteristic zero (use embedded resolution for singularities for (S^,X a ) as in [2"rj] 
and apply the algorithm for semi-stable reduction in characteristic zero [THl II]). 

The analytic space JT(r)_ is naturally homotopy- equivalent to |A(£%)|. In par- 
ticular, the homotopy type of |A(^)| does not depend on the chosen strictly semi- 
stable model. This result, and the one in Theorem 14.101 are similar in nature to 
[HThm4.8]. □ 
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5. Weight zero part of the mixed Hodge structure on the nearby 

cohomology 

5.1. Cocubical systems. We recall the following definition. For any finite, non- 
empty set S, we denote by Os the set of non-empty subsets of S, ordered by inclu- 
sion. For any category C, the category of S'-cocubical systems in C is the category 
of covariant functors D$ "~ * C (with natural transformations as morphisms). 

Let A be an abelian category, and denote by C + (A) the category of bounded 
below complexes in A. We fix an integer n > 0, and we consider a [n]-cocubical 
system {C*) Le u in C + (A). For each object L in □[„] and each p e Z, we denote 

by d,L : C£ — ► C£ +1 the differential in the complex C* G C + (A). For each couple 
(L, L') of objects in □[„] with L C L', we denote by 

5 L L , : C' L - C' L , 

the face map which is part of the cocubical system. We define the associated simple 
complex s\j{{C* )z, e n [n] ) as follows (we use the notation su to avoid confusion with 
the simple complex s(-) associated to a double complex). 
First, we define a double complex A". We put 

f for (p, g ) e Z x Z <0 

1 ©|L|= 9+ iC£ for (p, g ) eZxZ> 

The horizontal differential A p > q — ► for g > 0, is given by 

®|L| =(?+ i{dL:^-^ +1 } 

The restriction of the vertical differential A p ' q — > ^p^ 1 to the component C£ is 
given by 

d^A^: (-1) £(L ' ,)+P+1 4{,) 

i£[n]\L 

where e(L, i) denotes the number of elements j in L with j < i. 

We define sn((C*)i,en, , ) as the associated simple complex s(A"); we'll also 
denote it by sq(C') to simplify notation. A map fa : C' — > D* of [n]-cocubical 
systems in C + (y^) induces a map sd(/l) : «□((?*) — + sn(Z)*) between the associ- 
ated simple complexes, so we get a functor srj(-) from the category of [n]-cocubical 
systems in C + (A) to the category C + {A). 

Denote by C + (A, W, F) the category of bifiltered bounded below complexes in 
A (with F decreasing and W increasing). If (C^ 7 W, F) Le a [n] is a [n]-cocubical 
system in C + (A, W 7 F) then we endow the simple complex C = sn(C') with the 
following nitrations: for each n, r e Z, we put 

p r (J n = ®p+q=n, q>0 ©|L|=g+l F T C V L 
W r C n — ®p+q=n,q>V ®\L\=q+lW. r+q C' P L 

We call the bifiltered complex (sn(C'), W, F) the associated simple complex of the 
cocubical system (C*, W, F) L& a , and we put 

s a (C' L ,W,F) = (s a (C' L ),W,F) 

This defines a functor s\j from the category of [n] -cocubical systems in C + (A, W, F) 
to the category C+(A, W, F). 

Let us consider some elementary examples, which will be of use later on. 



SINGULAR COHOMOLOGY OF THE ANALYTIC MILNOR FIBER 



19 



Example 5.1. Let X be a smooth complex variety and let E be a proper strict 
normal crossing divisor on X , with irreducible components Ei, i = 0, . . . , n. For any 
L G □[„], we put El = V\i^lEi and denote by ol ■ El — > X the inclusion. Consider 
the bifiltered complex Hl = ((aL)*^£ ,W,F) where F is the stupid filtration, and 
W is given by 

( for i < 
Wi((a L ),CT EL ) = I 

[ (a L )*Cl' EL fori>0 

In other words, TLl is the image under (<2l)* of the complex component Hdg*{Eif)c 
of the mixed Hodge complex of sheaves associated to the smooth and proper complex 
variety El- If L' is another subset of [n] and L C L' , then the closed immersion 
El> — > El induces restriction maps Hl — » Hv , which make (Wf,)i, e n, , into a 
[n]-cocubical system. We denote its associated simple complex by Hdg'(E)c- It 
is the complex component of a mixed Hodge complex of sheaves which induces the 
canonical mixed Hodge structure on H*(E,Z) [24\ 3.5]. 

Example 5.2. Let X be any topological space, and consider a cover {Ei \ i G [n]} 
of X by closed subsets. For any L G □[„], we put El — H^LEi and denote by 
ol ■ El — > X the inclusion. 

Let G* be any object in C + (X) (i.e. a bounded below complex of abelian sheaves 
on X), and consider the [n]-cocubical system defined by G' L — (ai)*(az,)*G*. By 
adjunction, we have a natural map of complexes 

where we wrote ctj instead of a^y. The target of this map is a direct summand of 
sn(G* ), so we get a map of complexes G* — > sn(G* ). This is a quasi-isomorphism, 
since for each q > 0, the q-th row of the double complex A" associated to the 
cocubical system G' L is a resolution of G q . If f : G* — > H* is a morphism in 
C + (X), then f induces a morphism of cocubical systems fL ■ G L — > H^, and the 
square 

G' — f -^> H' 



sa(G' L ) ^± s a (H- L ) 

commutes. 

Example 5.3. We keep the notations of Example \5.2\ supposing moreover that X 
is a smooth complex variety, and that El is a smooth closed subvariety for each 
L G □[„]. We consider the [n]-cocubical system of complexes 

in C + (X,C). The product of restriction maps £lx ~ * ©ie[n]( a i)*^E- induces a 
map of complexes fix •sn((ai)*ri|; [ ). This map is a quasi-isomorphism: via 
the quasi- isomorphisms VL X = Cx and Q x = <C Eh and the exactness of the functor 
(a^)* : C + (El, ( C) — > C + (X,C), we recover the situation of Examvle \5. 6 A with 
G' = C X . 
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5.2. Localized limit mixed Hodge complex. Let S be the open complex unit 
disc, and let / : X — * S be a projective morphism, with X a complex manifold. 
We fix a complex coordinate t on S. Assume that the special fiber X s is a reduced 
strict normal crossing divisor E — Ei- We fix a total order on /, i.e. a 
bijection / = [a] for some integer a > 0. Let J be a non-empty subset of /, put 
E(J) — Ujgj-Ej, and denote by vj : E(J) — > X s the inclusion map. The total order 
on / induces a total order on J, i.e. a bijection J = [b] for some integer b > 0. These 
total orders are necessary to apply the functor to i- and J-cocubical systems. 

In [T7] (see also [IE]), Navarro Aznar constructed a localized limit integral mixed 
Hodge complex of sheaves on E(J), whose integral component is quasi- isomorphic 
to VjRipf(Z) (here Ripf is the complex analytic nearby cycle functor associated to 
/). This mixed Hodge complex induces a canonical integral mixed Hodge structure 
on the hypercohomology spaces 

W{E(J),v*jRil)f{%)) 

We will follow the approach in [23l § 12.1]. We briefly recall the definition of the 
complex component Vjip^(C) of the localized limit integral mixed Hodge complex 
of sheaves Vjip^ on E(J), in order to fix notations (the notations we adopt here 
differ slightly from the ones in [23l § 12.1]). 

For any non-empty subset L of J, we denote by X El the defining ideal sheaf of 
El = DifzLEi in X. Then I El Q x 0-°6 E) is a subcomplex of fl^-(\ogE), and we 
consider the bifiltered complex 

n' x (\ og E)\ EL = n' x (\o g E)/i EL n' x (\o g E) 

in C + (E,C), endowed with the quotient filtrations W and F (the quotient of the 
weight filtration, resp. of the stupid filtration on D, x (log E)). We define a double 
complex A" by 

a>« = n^ + \\ogE)\ E jw p (n^ +1 (\ogE)\ EL ) 

for p, q > and we consider A" as a sheaf on E(J). The differentials d' L and d" L 
are given by 

d' L : A p £ q -» A p L +1 ' q : w ^ (dt/t) A u 
d'i : A p £ q -» A p L q+1 :uj^dw 

We put an increasing filtration W(M) (the monodromy weight filtration) on A" by 
defining W(M) r A p £ q as the image of W r+ 2 P +iQ p x q+1 (logE) in A p £ q ; this induces 
a filtration W(M) on the associated simple complex C L = s(A"). We also endow 
C* with a decreasing filtration F by putting F r C r £ = ® p + q = n ,q>rA p £ q . 

When L varies over the non-empty subsets of J, the bifiltered complexes (C* , W(M), F) 
form a J-cocubical complex of bifiltered objects in C + (E(J),C), whose associated 
simple complex sa{C' L , W{M), F) is denoted by w}^/ '(C). The complex sn(C') is 
quasi-isomorphic to VjRipf(C). 

5.3. The specialization map on the mixed Hodge level. We keep the nota- 
tions of Section I5T21 We would like to lift the natural specialization map C E (j) — > 
VjRip f (C) to a map of bifiltered complexes 

Hdg'(E(J)) c -> v*ji>J (C) 
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(here Hdg*(E(J))c is the complex introduced in Example 15. ip . In the global case 
J = I, this was done in [23, § 11.3.1]. 

For any non-empty subset M of /, we denote by <zm the closed immersion Em — > 
E. In the proof of [23[ Thm. 6.12], the following property was shown. 

Lemma 5.4. There is a commutative diagram 

Gr%(n' x QogE)) ® MC1 (a M )M E J-m] 

— \M\—rn 



Gr%(n x (logE)\ EL ) — MCJ (a LUM )*Sr ELU J-m] 

\M\— m 

for any couple non-empty subset L of I and any integer m > 1. Here the upper 
horizontal map is the isomorphism induced by the residue map, the left vertical 
arrow comes from the natural projection Q x (logE) — > Q x (log E)\e l , and the right 
vertical arrow is the obvious restriction map. 

By Example 15.31 (applied to X = El and the cover {i?Lui I i € /}), we have for 
each non-empty subset L of J a quasi-isomorphism 



(aL)*^E L — ®p+q=;p>0 ®Md,\M\=p+l Kum)*^ 

and using the isomorphism in Lemma 15.41 we get a natural quasi-isomorphism 

(oi).n^ -> ® p+ , = ., p > Gr^ 1 (n^ +1 (iog£;)| £ j 

whence a morphism of J-cocubical systems of bifiltcrcd complexes 
(5.1) o L : ((a L )*n m EL ,W,F) -> (C£,W(M),F) 



where the left hand side is defined as in Example 15.11 Passing to the associated 
simple complexes, we get a map of bifiltered complexes 

(5.2) a : Hdg'(E(J)) c -> u$^f(C) 

Lemma 5.5. The square 



Hdg'(E(J)) c v*j^f (C) 

commutes in D + (E(J),C). The upper horizontal map is the natural specialization 
map, and the vertical maps are the natural comparison isomorphisms in D + (E(J), C) 
which are part of the mixed Hodge complexes Hdg m (E(J)), resp. v*jipj?. 

Proof. In the global case I = J, Peters and Steenbrink defined a limit integral 
mixed Hodge complex of sheaves ip^ on E (see 11.2.7]); we denote by ip^(C) 
its complex component. The complex ip¥(C) is defined as the simple complex 
associated to the double complex 

A P-q = qp+v+i (i og E)/W p 0. p+q+1 (log E) 
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where the differentials are defined in the same way as for A". By [23l 11.3.1], we 
have the following commutative diagram in D + (E, C) : 

C E -H^U f%(C) 



Hdg'(E) c — Vf (C) 

The vertical maps are the natural comparison isomorphisms, and /3 is constructed 
by means of the residue maps: 

(a L )M EL = Gr^ +1 Q p+q+1 (logE) A™ - fF+9+Hlog£)/^ p (fF +,?+1 (log£)) 
|i|=p+i 

Applying the functor a* L : D + (E,C) — > D + (El,C), for any non-empty subset L of 
J, we get a commutative diagram in D + (El,C) : 

C El <i%(C) 



a* L (Hdg'(E) c ) -^L_> a ^f (C) 

We denote by &l the closed immersion — * E(J), and we define an isomor- 
phism 7l : a* L (H dg* (E)c) — > fij; in D + (El,C) as the composition of the natural 
isomorphisms 

at(Hdg'(E) c ) = a* L C E = C El = Q m Eli 

mD+(E L ,C). 

In view of Example 15. 21 it suffices to prove the following claim: there exists a 
commutative diagram 

a* L (Hdg'(E) c ) a* L ^f(C) 

k 



1' 



in D + (El,C), where the vertical arrows are isomorphisms, o~l is the map in (5.1)) . 
and Sl is a morphism in C + (£'l,C) such that the composition 

v*jRMC) = s a (((b L Ul^f (C)) ienj ) -^H SD ((C2) ieDj ) = ^f(C) 

coincides with the natural comparison isomorphism Vj Rip /(C) = Vjipj?(C) in D + (E(J), C). 
Consider the natural map 

S' L : a* L (n' (log E)/W n' (log E)) -> ai(W(logE)\ Ej /W a'(logE)\ Ej ) 

in C + (El,C). Applying the functor a* L to the diagram in Lemma 15.41 we see 
immediately that S' L is a filtered quasi-isomorphism w.r.t. the quotient of the weight 
nitrations. The map S' L defines a morphism of double complexes a* L A p ' q —> a* L A p £ q , 
inducing a map Sl on the associated simple complexes. Since S' L is a filtered quasi- 
isomorphism, Sl is a filtered quasi-isomorphism w.r.t. the second filtration on the 
double complexes. The fact that ol o j L = Sl ° 0l follows from Lemma I5~4l □ 
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Proposition 5.6. The natural specialization map Z — > i?-0/(Z) induces canonical 
isomorphisms 

Gr° F W(E{J),C) ~ Gr F W(E{J),v*jRip f {<C)) 

for i > 0. In particular, by restricting to the weight zero part, we get canonical 
isomorphisms 

W H*(E(J),Q) <* W rf(£;(J),u}i?V/(Q)) 

Proof. It suffices to prove the statement after replacing rational coefficients by 
complex coefficients. Then the second isomorphism follows from the first since 
both sides have Hodge type (0,0). 

Applying the functor Gr F to the morphism o~l, in (|5.ip . we get a morphism of 
complexes 

Gr F (a L ) : (a L )*0 EL - n^ +1 (log£)| s JW.(ft^+>g£)UJ = GrY +1 {<V+\\ogE)\ EL ) 

and this map is a quasi-isomorphism: by Lemma 15. 4[ the target is isomorphic 
to the complex ®Mdi.\M\=»+i{ a LuM)*OE LUM - Passing to the associated simple 
complexes, we see that 

Gr° F {a) : Gr F Hdg'{E{J)) c -» Gr° F i/>? (C) 

is a quasi-isomorphism, as well. □ 

5.4. Mixed Hodge structure on the nearby and vanishing cohomology. 

Consider a complex variety X and a flat morphism / : X — > Spec C[f] with smooth 
generic fiber. Let x be any complex point of X s . The cohomology spaces R l ^>f(Z) x 
carry a natural mixed Hodge structure [17l 15.13] [23], § 12.1.2]. Take a strictly semi- 
stable model (Y,g,<p) of (f,x) (Definition 14. 7|) . with Y s = Yliei ^i', then ip~ 1 (x) = 
E{ J) for some non-empty subset J of /. There are canonical isomorphisms 

W l (E(J),v}R^ g (Z)) = R^ f (Z) x 

for i > 0, and in this way R l tpf{'L) x inherits an integral mixed Hodge structure, 
which does not depend on the chosen strictly semi-stable model. 

If we denote by ROf the vanishing cycles functor, then R l Of(Z) x also carries a 
natural mixed Hodge structure [T51 1-1]. We have 

for i > 0, so R l Qf(Zi) x inherits a mixed Hodge structure. For i = 0, R l QfCL) x 
carries a pure Hodge structure of weight zero. 

If X is smooth at x, then R l ipf(Z) x is isomorphic to the degree i integral singular 
cohomology of the topological Milnor fiber of / at x for each i, so this cohomology 
carries a mixed Hodge structure. If x is an isolated singularity of /, then this mixed 
Hodge structure was constructed in [25]. Likewise, R l Qf(Z) x is isomorphic to the 
degree i reduced integral singular cohomology of the topological Milnor fiber of / 
at x. 

5.5. Non-archimedean interpretation of the weight zero subspace. In this 
section, we put R — C[[i]] and K — C((t)), and we endow K with the absolute 
value | • | r for some fixed r £ ]0, 1[. 

Theorem 5.7. Let X be a complex variety, endowed with a flat morphism f : 
X — > SpecC[<] with smooth generic fiber. Let x be a point of X(C) with f(x) = 0. 
Denote by & x the analytic Milnor fiber of f at x. 
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For each i > 0, there exists canonical isomorphisms 

a : H l (F x ,Q)^W R^ f (Q) x 
a' : W(W x ,Q)-^WoR l e f (Q) x 

Proof. Take a strictly semi-stable model (Y,g,(p) of (f,x) (Definition 14. 7|> . denote 
by d its ramification index, and by W the i-adic completion of Y. Put E = (f^ 1 (x), 
and denote by v : E — > ^ the closed immersion. Then (p induces an isomorphism 
of (if r ) a -analytic spaces 

]E[ ■= sp&\ r) (E)x Kr{d) (Krr = 3» 

and an isomorphism of mixed Hodge structures 

R^ f (Q) x =W(E,v*R^j g (Q)) 

On the other hand, Berkovich proved in [8l Thm 1.1(c)] that there exists a canonical 
isomorphism H l (E an , Q) = WqH 1 (E,Q), and it follows from Proposition 14.41 and 
Lemma |4~51 that there exists a canonical isomorphism W(E an ,Q) = H l (]E[,Q). 

Hence, we obtain an isomorphism H l {^ x , Q) = WoH l (E, Q) and, by Proposition 
15.61 an isomorphism 

H t CW x ,Q) = W R 1 Tjjf{Q) x 

A standard argument shows that this isomorphism does not depend on the chosen 
semi- stable model. 

The mixed Hodge structure on R°ipf(Q) x is pure of weight zero, so for i = the 
map a is an isomorphism 

a: H° (W X ,Q) ^ R°i, f {Q) x 
Passing to reduced cohomology yields the natural isomorphism a' . □ 

Remark. Using the same methods as in [3] one can generalize Theorem 15.71 as 
follows: if / : X — * SpecC[t] is a flat morphism of complex varieties, Z a proper 
sub-variety of the special fiber, and 3 the formal completion of / along Z, then there 
is for each i > a canonical isomorphism 

a : iP(37^,Q)^W ff(.Z,i%(Q)) 

One reduces to the case where / has smooth generic fiber by taking a hypercovering 
of /; then one uses the proof of Theorem 1 5. 71 □ 

Corollary 5.8. If X is smooth, of pure dimension n + 1, and if we denote by s 
the dimension of the singular locus of f at x, then H l (^ x , Q) = for i ^ {0, n — 
s, n — s + 1, . . . , n}. If s < n, then & x is arc- connected. 

Proof. It is well-known that the reduced cohomology of the topological Milnor fiber 
of / at x vanishes for i ^ {n — s, n — s + 1, . . . , n}. If s < n, then R°ipf(Q) x = Q, 
so ^ x is connected and hence arc-connected by [U 3.2.1]. □ 

Corollary 5.9. We assume that X is smooth of pure dimension n+l with n > ; 
/ is projective and x is the only singular point of the special fiber X s = f^ 1 (Q). We 
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denote by 3£ the t-adic completion of f. Then we have an isomorphism of long 
exact sequences 



->JJ<(pr,)»» Q) -» H l {3r{r) vl Q) - ff*(J^,Q) -»fl*+ 1 ((*.) OB ,Q) - 

7 1 S 4" 4*' I s 

-». WbH*(JT a ,Q) ^WoH J (X s ,i?V-/(Q)) ->W r i2 i e / (Q) cc ^W Q H* +1 {X S ,Q) -> 
where the upper long exact sequence is the one from Proposition ^. 6\ the lower one 
is obtained by applying the exact functor Gr^ to the canonical long exact sequence 
of mixed Hodge structures [18\ 1.1] 

. .. ^ W(X S ,Q) ^M l (X s ,R^ f (Q)) ^W(X s ,Re f (Q)) ^ R l e f (Q) x 

and where (3 is the isomorphism of [31 5.1] and 7 is the isomorphism of [5] Thm 1.1(c)] 
This diagram breaks up in commutative squares of isomorphisms, for each < 
i < n, 

H l ((X s ) an ,Q) — ^ JPOT^Q) 

iy H l (^ s ,Q) — ^ WW(A S ,A%(Q)) 
as weZZ as an isomorphism of exact sequences 



^H n {{X s ) an ,Q) -> i/ n (JT(r) r) ,(Q) -» #™(J^,Q) -> ir l+1 ((A s ) an , Q) 

7 1" 4" 4 1" 

^W F n (X S! Q) -^W H"(X S! ^/(Q)) -Wb#V/(Q)x W H n+1 (X s ,Q) 

It is well-known that any analytic germ of an isolated hypersurface singularity 
can be embedded in a projective morphism / as in Corollary 15.91 see § 1.1]. 

6. Comparison with the motivic Milnor fiber 

In this final section, we consider the motivic counterparts of the above results. 
Let k be a field of characteristic zero, and put R — k[[i\] and A — k((t)). We fix 
an element r in ]0, 1[ and we endow A with the i-adic absolute value | • | r . Since r 
will remain fixed throughout this section, we simplify notation by writing K for the 
non-archimedean field K r and StZq for the generic fiber 3&{r) v of a special formal 
i?-scheme in the category of A r -analytic spaces. For each integer d > 0, we put 
K(d) = K[td]/ ((td) d — t) and we denote by R(d) the normalization of R in K(d). 

6.1. Motivic volume of a formal scheme. Let 3E be a generically smooth 
special formal i?-scheme. In [HI 7.39] we defined the motivic volume S(3^;K S ) of 
3C . It is an element of the localized Grothendieck ring of ^-varieties M.$c (see 
for instance [2U §3.1] for the definition of JVlxo)- The aim of the current section 
is to explain the behaviour of the motivic volume under extension of the base ring 
R. This result will be used further on to give an expression of the motivic volume 
in terms of a semi-stable model of X (Theorem 16. 11 1) . 

As we noted in [19l 7.40], the motivic volume depends in general on the choice 
of the uniformizer t, or, more precisely, on the A"-fields K(d). If k is algebraically 
closed, then up to A-isomorphism, A(d) is the unique extension of A of degree d, 
and the motivic volume is independent of the choice of uniformizer. 
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In order to speak about the motivic volume of a special formal i?(<i)-scheme 
when k is not algebraically closed, we fix the uniformizer td in R{d) . This yields an 
isomorphism of fc-algebras R(d) = fc[[£<j]] and natural isomorphisms of i?-algebras 
(R(d))(e) ^R(d-e) for d,e > 0. 

As usual, we denote by L the class of the affine line A^- o in Ai sc^ ■ This is a unit 
in M. x ■ We'll denote by Ti-sc the subring 



T b -L Q 



(a,6)£ZxN* 



of A^5r [[T]], and by TVx the subring of ^ [[T]] consisting of elements of the 
form P(T)/Q(T), with P(T), Q(T) polynomials over M x such that Q(0) is a unit 
in A4%; , Q{T) is monic, and the degree of Q(T) is at least the degree of P(T). The 
ring 7Z'a£ o contains ~R-x - There exists a unique morphism of Ai,% - algebras 

km : K' Xa -> M Xo 

1 — »oo 

mapping P(T)/Q{T) (with P(T), Q{T) as above) to the coefficient of T dc sQ in 
P(T), where degQ denotes the degree of Q(T). It restricts to the morphism 

km : Kx -» Mx Q 

1 — 'CO 

from pi 7.35]. 

For any ring A, any element a(T) = J2i>o ai ^ 1 °^ ^[PIL an d an Y integer d > 0, 
we put a(T){d]=j: i > o dll a l T*€A{[T}}. 

Lemma 6.1. For any (p,q,r) EZxNx N* with q < r, 

rpq 



Proof. For any (p,q,r) £ Z x N x N* we use tke notation 

rpq 

T r - LP 



By definition, Df r £ 7£,ar . Moreover, tke relation Z>Q r = L p (D? r — l) skows 
tkat Dg r e ^jr -' 

Put I = {(q,r) £ N x N* |g < r}. We will skow tkat £>£ r £ 72.^r for any 
(p,q,r) £ Z x /, by induction on (g, r) w.r.t. tke lexicograpkic ordering on /. We 
may assume tkat < q < r. We kave 

rpr I IT? 
£)P = — = _ 

i' r T r - Lp T r ~i - 1 T r — Lp T r -i - 1 

= -Dg ir .D° r _ fl mod ft*-. 

We know tkat £)q r £ 7?.^r , and if q < r — g, tken D q ) r _ q £ 72.^r by tke induction 
kypotkcsis. Hence, we may assume tkat q > r — q. Tken we write 

n p ■ D° = D p • D° 

0,r 1,r — q 2q— r,r r — q,r—q 

and since < 2g — r < q tke induction kypotkesis implies tkat D^ q _ r r belongs to 
Kx a - " □ 
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Lemma 6.2. For any integer d > 0, the morphism of M.% Q -modules 

fa : M Xo [[T]] M Xo [[T]] : a(T) h- a(T)[d] 
restricts to a M. ^-module endomorphism oflZx a - Moreover, 



lim o (h d = lim 

T^oo T—>oo 



Proof. Consider an integer n > 0, a tuple a £ Z n , and a tuple b £ (N*) ra . We put 

T b - - h a ' 



\i=l 

It suffices to show that C a ,b G and that 

lim C a , b = 1 

T^oo 

For any pair of tuples ii,»GZ",we put u-v = XaLi u i' v i- F° r each i G {1, . . . , n}, 
we put TOi = lcm(bi, d) and = m t /fo;. If we put 

S 1 = {w £ N" 1 1 < Ui < a for all i, and d\u ■ b} 

then the map 

S x N" -> {ui G (N*) n | io • 6 G dN} : (u,v) h-> (in + via, ■ ■■,u n + v n e n ) 
is a bijection. Therefore 

(g L " a " r ") • (n ^ L r w ) 

Since e = (ei, . . . ,e„) belongs to S, the first factor is a polynomial with leading 
term h~ a ' e T , so we see that C a ,b belongs to and 

lim C a ,b = 1 

T-*oo 

as required. Lemma 16.11 shows that C a ,b G 7?.^. □ 

Proposition 6.3. For any generically smooth special formal R-scheme 3£ and any 
integer d > 0, 

S{.r;K s ) = S{,T x R R(d);K(dy) 

in Msc a - 

Proof. By [THl 7.38+39] we may assume that 3£ n admits a ^"-bounded gauge form 
oj (in the sense of [TH1 2.11]). For each n > we denote by u>(n) the pull-back of u> 
to 3£ v x K K(n). This is a 3C Xr i?(n)-bounded gauge form. 

In [19l 4.9] we defined the volume Poincare series S{5£ \u>;T) of (J!T,cj) by 



S(&,lj;T) = Y i ( / 

n>0 V^-^xr 



Kn)| r eAWPI] 

fl(n) / 



(the coefficients are motivic integrals). It is clear from the definition (and from our 
choice of uniformizer in R(d)) that 

S(& x R R(d),uj(d);T) = S{% ' ,uj;T)[d] 

We showed in pjJJ 7.14] that S(SK" ,oj;T) is rational; more precisely it belongs to 
TZ&; . By definition, 

S(3E;K') = - lim S{% ,w;T) 

T — >oc 
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By Lemma I6T21 

S(^;K S ) = - lim 5(JT,o;;T) 

T— >oo 

= - lim S{X x R R(d),uj(dy,T) 

T—*oo 

= S{SC x R R{d);K(d) s ) 

□ 

Proposition 6.4. Let k' be a field containing k, and put R' — k'[[t]]. Let X 
be a generically smooth special formal R-scheme, and put 3£' — 3£x R R' . Then 
S(X' '; K s ) is the image of S(^%~; K s ) under the base change morphism M.gc — > 

Proof. This is obvious from the definition of the motivic volume. □ 



6.2. Motivic volume of a rigid variety. Let if be a generically smooth special 
formal i?-scheme, and assume that 2£ is stft or that 3^^ admits a universally 
bounded gauge form in the sense of [191 7.41]. Such a universally bounded gauge 
form exists, in particular, if 3£ is the formal spectrum of a regular local i?-algebra 
PS 7.23+42]. 

In [22 8.3] and 19, 7.43] we defined the motivic volume S(3£^\ K s ) of SC^ as 
the image of S{!%\ K s ) under the forgetful morphism M s: a — * M-k and we showed 
that this definition only depends on Sfc^ and not on the model S£ . 

Proposition 6.5. Let d > be an integer and X a separated smooth rigid K- 
variety. Assume that X and X Xk K(d) admit universally bounded gauge forms, 
or that X is quasi- compact. Then 

S(X x K K{d)\K[d) s ) = S(X; K s ) 

in Mk- 

Proof. This follows immediately from Proposition 16.31 □ 



Proposition 6.6. Let k' be any field containing k, and put L — k'((t)). Let X be 
a separated smooth rigid K -variety. Assume that X and X XkL admit universally 
bounded gauge forms, or that X is quasi- compact. Then S(X x k L; L s ) is the image 
of S(X; K s ) under the base change morphism M.k —* M-k'- 

Proof. This follows immediately from Proposition 16.41 □ 



Remark. Even though the valuation on K a is not discrete and the construction of 
the motivic volume does not apply to i4f°-analytic spaces, the above results justify 
the hope that one can associate a motivic volume Vol(X) to separated smooth 
quasi-compact rigid varieties X over K a (or an even larger class of i^ a -analytic 
spaces). This volume should have the property that Vol(YxKK a ) = S(Y;K S ) 
when Y is a separated smooth quasi-compact rigid if-variety, and opens the way 
to a theory of motivic integration on if "-analytic spaces. □ 
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6.3. Motivic Milnor fiber. We start with an auxiliary result. 

Lemma 6.7. For any morphism of generically smooth special formal R-schemes 
h : & — > 3£ such that is an isomorphism, we have 

in M.sc . Here the left hand side is viewed as an element of M.gc "via the forgetful 
morphism A4@r —* M.sc induced by ho. 

Proof. This is straightforward from the definition of the motivic volume in [191 
7.39]. □ 

Let X be a A:- variety of pure dimension m, and let / : X — ► Aj. = Spec k [t] be a 
flat morphism with smooth generic fiber. We fix a closed point x on the special fiber 
X s of /. We denote by 3£ the i-adic completion of /, and by 3£ x the completion 
of / at x, i.e. the special formal i?-scheme Spf Ox,x- Then {3£ x ) n — & x is the 
analytic Milnor fiber of / at x. We view & x as a fc'((t))-analytic space, with k' the 
residue field of x. 

If X is smooth at x then 9E X is the formal spectrum of a regular local i?-algebra, 
so S(&x\ K s ) is defined and equal to S{S£ X ; K s ) € M x . If X is not smooth at x, it 
is not clear if & x admits a universally bounded gauge form. However, we still have 
the following property. 

Proposition 6.8. The analytic Milnor fiber & ~ x , viewed as a k' ((t))- analytic space, 
uniquely determines the motivic volume 

S(%- x ;K*)eM x 

Proof. The normalization morphism 3£ x — » X x is a morphism of special formal 
i?-schemes which induces an isomorphism between the generic fibers because & x is 
normal (even smooth) and normalization commutes with taking generic fibers 
2.1.3]. By LemmaEJl 

S(% X ;K S ) = S(%- X ;K°) e M x 

Moreover, the fc'[[t]]-algebra of power-bounded analytic functions on & x is canoni- 
cally isomorphic to G{3£ x ) by PH 7.4.1], so & x determines S(^ X ;K~ S ). □ 

Definition 6.9. If W is a generically smooth special formal R-scheme of pure 
relative dimension d, then we define the motivic nearby cycles S<& of W by 

Sty — L d • S{W ; K~ s ) € M<%r a 

Let X be a k-variety of pure dimension, f : X — > Spec k[t] a flat morphism with 
smooth generic fiber, and x a closed point of the special fiber X s of f . Denote by 
S£ /R the t-adic completion of f and by 3£ x jR the formal completion of f at x. 
We define the motivic Milnor fiber Sf. x of f at x by 

Sf, x = S,^ x G M x 

and the motivic nearby cycles Sf of f by 

Sf = S$c 6 M x' a 
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If X is smooth, then Denef and Loeser defined the motivic nearby cycles of / 
and the motivic Milnor fiber of / at x in [14] §3.5]. By [19l 9.8] these objects 
coincide with the ones introduced in Definition 16.91 Denef and Loeser showed that 
if k = C and X is smooth, Sf and Sf^ x have the same Hodge realization as the 
cohomological nearby cycles, resp. Milnor fiber, in an appropriate Grothcndicck 
ring of mixed Hodge modules with monodromy action; see [13[ 4.2.1] and |14[ 
3.5.5]. 

6.4. Expression in terms of a semi-stable model. Now we come to the main 
result of this section: an expression for the motivic volume of a formal scheme in 
terms of a semi-stable model. We'll freely use the notation and terminology from 
[191 §2.5] concerning strict normal crossing divisors on formal schemes. 

Definition 6.10. Let % be a generically smooth special formal R-scheme. A 
strictly semi-stable model (Y , g) for % consists of the following data: 

(1) an integer d > 0, which we call the ramification index of the model (Y ,g), 

(2) a regular special formal R{d) -scheme Y , such that Y s is a reduced strict 
normal crossing divisor on Y, 

(3) a morphism of special formal R-schemes g : Y — ► % which induces an 
isomorphism of K(d)- analytic spaces Y n = Xjf K{d). 

Such a strictly semi-stable model exists, in particular, when *ty is the formal 
completion of a generically smooth stft formal i?-scheme along a closed subscheme 
of its special fiber (see the remark following Theorem 14.10)) . 

Theorem 6.11. Iffy is a generically smooth special formal R-scheme and (Y,g) 
is a strictly semi-stable model for , with Y s = ^2 ieI £i, then 

(6.1) Sw= (I-IO 1 "- 1 ^] 

In particular, the right hand side does not depend on the chosen strictly semi-stable 
model. 

Proof. By Proposition 16. 3[ we may assume that the ramification index d of the 
strictly semi-stable model is equal to one, i.e. that g n : Y v — > is an isomorphism. 
Then by Lemma l6?7l we have = Sy in Ai^r , and it follows from [T9J 7.36] that 

Sy= J2 (l-L) 1 - 71 " 1 ^] ZMy 

□ 

Remark. If the formal i?-scheme Y in the statement of Theorem 16.111 is stft, 
then Ej coincides with the stratum {Y s )°j of the strictly semi-stable fc-scheme Y s 
(Section fFZ$ for any ^ J C / = Irr{%). □ 

Corollary 6.12. Consider f : X — > Spec k[t], x and ^ x iw* Definition 1 6. 9\ If 
{y,g) is a strictly semi-stable model for 3& x , with — ^2 iGl then 

(6.2) S ftX = J2 (l-L) |Jhl [£j] ^M x 

In particular, the right hand side does not depend on the chosen strictly semi-stable 
model. 
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Note in particular that any strictly semi-stable model (Y, g, ip) of the germ (/, x) 
(in the sense of Definition 14.7ft induces a strictly semi-stable model for 3£ x by taking 
the formal completion of Y along ip~ 1 (x) (of course, the projectivity condition can 
be omitted in Definition 14. 7[) . Therefore, (|6.2[) also gives an expression for Sf >x in 
terms of a semi-stable model of (/, x). 

As a special case, if X is smooth, we get an expression for Denef and Loeser's 
motivic nearby cycles and motivic Milnor fiber in terms of a strictly semi-stable 
model of /, resp. of (f,x). This expression is not clear from their definition [T3J 
§3.5]. 

Moreover, combining Theorem 16.111 with the formula in [19[ 7.36] we get an 
expression for the right hand sides of (|6.1|) and (|6.2p in terms of a resolution of 
singularities of <2f, resp. S£ x . 

Remark. Theorem 16 . 1 1 1 makes it possible to compare our notion of motivic nearby 
cycles and of motivic volume of a rigid variety with the ones introduced by Ayoub 
PP(2|) after specialization to an appropriate Grothendieck ring of fc-motives. Details 
will appear elsewhere. □ 

Theorem 16.111 is similar in spirit to Theorem 14.101 and the subsequent remark. 
However, since motivic integrals take their values in a Grothendieck ring, all "non- 
additive" information is lost when taking the motivic volume S(5£ x \ K s ). As we've 
seen, non-archimedean geometry provides a powerful additional tool to prove inde- 
pendence results of this type. 
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